CALCULUS 2

INTEGRATION TECHNIQUES
Integration by parts




- - OBJECTIVES

* to evaluate integrals using reduction formulas
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TRANSFORMATIONS of TRIGONOMETRIC FUNCTIONS

The transformation of the trigonometric functions are divided into
two major parts, they are the following:

Part 1: Powers of Sine and Cosine

Part 2: Powers of Tangent and Secant and
Powers of Cotangent and Cosecant
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Part 1: Powers of Sine and Cosine

Casel: Consider the integrand

jsin”u du or jcos”u du wheren isany positive odd integer

use theidentity:sin"u+cos"u =1

Case 2: Consider the integrand

jsin”u du or _[cos”u du wheren isany positive even integer

use the identity :sin"u = %(1— cos2u)

cos"u = %(1+ cos2u)
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] H - ] =5
f sin"xdx = —— sin" ! xcosx + sin" “xdx
i i

] H - ] -
fms” xdx = —cos" ! xsinx + cos" “xdx
1 7

In the case where n = 2, these formulas yield

. .
fﬂlll'ld-l’ = —lsinxcosx + %fd-lr =

2 I - I I | -
[cns xdx =scosxsinx + 5 [r:.f.r = sx+ ssinxcosx + C

i

sinxcosx +C
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Alternative forms of these integration formulas can be derived from the trigonometric

identities N
Sl 5'{1 —cos2x) and costx = %(] + cos 2x) (5—6)

which follow from the double-angle formulas
cos2x =1 —2sin*x and cos2x = 2cos’x — 1

These 1dentities yield

fs.inzxd_t=%f{l—ccs?x}a’x=%_r—%sin2x+f (1)

fcnsz_rdx=%f{1—|—m511:}d_1:=§lx-l—%sin1r—l—{f (8)
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Observe that the antiderivatives in Formulas (3) and (4) involve both sines and cosines,
whereas those in (7) and (8) involve sines alone. However, the apparent discrepancy is
easy to resolve by using the identity

sin2x = 2sINX COS X

to rewrite (7)) and (2) in forms (3) and (4), or converselw.

b



L INTEGRAL CALCULUS vE

Qi G

3 3

In the case where n = 3, the reduction formulas for integrating sin” x and cos™ x yield

. . 1 . . 1
fsuﬁxd-r = —11 sIN” X COs X + ifsmxd-r = —11 SIN” X COSX — S COSX + C (9

fcu:n53xd,::= %CDSEI 5]:1}:—|—§fcu:r53:dx=%cn53-r5inx—l—§sin_r—l—f (10)



fsin3.rdx — %CDS?’I —cosx L+ C

fc:ﬂs?’xd.r zsinx—%sin3x+C

/5in4xdx:% ——51n2x+ i1n4x—|—C

fCD'i .rdx——.r—i——%mZ:c—i— %1n4:c—1—[?



sin® x dx :% —_}rﬂinlx—kﬁain:lx—l—(:'

Case 2 - Consider the miegransd
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cos” .rdx-—.r+—51n2:c+ 51n4x+£‘ (14)

Case 2 :Consider the integrand

fwﬁ xa'x—-x+ “-1n”x+ 5sindx + C
_[sin"u du or jcos“udu where n is any positive even integer
use the identity :sin®u = l {1-cos 2u)
ix) 2
WS x) dx cus"n—%{l+cus2u)
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B INTEGRATING PRODUCTS OF SINES AND COSINES
If m and n are positive integers, then the integral

f sin™ x cos" x dx

can be evaluated by one of the three procedures stated in Table 7.3.1, depending on whether
m and n are odd or even.

» Example 2 Evaluate

(a) f sin* x cos® x dx (b) f sin® x cos® x dx
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Table 7.3.1
INTEGRATING PRODUCTS OF SINES AND COSINES

f sin™ x cos” x dx PROCEDURE RELEVANT IDENTITIES

 Split off a factor of cos x.
n odd « Apply the relevant identity. cosix=1—sinx

* Make the substitution « = sin x.

« Split off a factor of sin x.
modd * Apply the relevant identity. sinfx=1—cos?x

* Make the substitution « = cos x.
" m even * se the relevant identities to reduce ‘sin x = %{l — cos 2X)
JLH — the powers on sin x and cos x. cos? x = %“ + cos 24)
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Solution (a). Since n = 5 is odd, we will follow the first procedure in Table 7.3.1:
f sin® x cos” x dx = f sin® x cos® x cosx dx
= f sin* xi(l — sin’ x)cosxdx

= fu‘l(l — ”2}2 du

f{:ﬁ —2u® + HE} du

| .5

T
= sU~ —

w' + 1y 4+

|-
O] —

|

15 7
—55[]1

¥ . R
X — 5sin I-l—%ﬁlt]g.l’—l-{?
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Mtq even
n=6 odd

(»se 1
js"‘"k tosIx wSxdx uge 008X T 1= SinTx
S s (8%x) o dx
[ sintx - si0h0” lasx

le} W = Sinx do s dabie it
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Solution (b). Since m
procedure in Table 7.3.1:

n = 4, both exponents are even, so we will follow the third

. . o | o |
f sin x cos® x dx = fl[E.m2 x]z{cﬂs‘ x) dx

:f (%[1 — COos 11:])'2 (%[1 + cos 11:])12 dx

l_lﬁf(l — cos® ’.?:::}2 dx

4 Note that this can be obtained more directly
sin” 2x dx from the original inte gral using the identity
SINXY COSY = % sin 2x.

l d u=2x
12 5”] Hau du =2dxordr = %ﬂ'n‘
(é
8

1
— 16

| | -
= 37 (g4 — g sin 2u + 33 Sin 4:1] +C Formula (13)

I IR I i @
= 735X lzﬂ's.mrilx—l—|E,245,111|3JL+I':' |
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Integrals of the form

f sINMX Cosnx dx, f sinmxy sinnx dx, f COS X COS NX dx

can be found by using the trigonometric identities

sinwcos B = %[Sit‘l{ﬂ' — B) + sinla + A)]

sine sin A = %[EDE{CE — B) — cosla + B)]

Ccos @ cos f = %[u:n:rs(cr — B) +cos(a + B)]

to express the integrand as a sum or difference of sines and cosines.

(15)

(16)
(17)
(18)
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» Example 3 Evaluatﬂfsin Tx cos 3x dx.

fSln /X Cos X c‘)( Use foku‘q | & |
6 =3 Sin @ wsf = 4 [ (aB) il >3

a=7

J;‘ [<ha (73)x + Sin (THDX ] dx

(S'm4x b S \u(\ e‘x
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13. fﬁiﬂ 2xcos3xdx

solutions

1 [, . , 1 _ 1
13. /Hil‘l 2rcosdr dr = 2 /ILH]H bx — sinx)dxr = —7g ©089T + 5 cosz +C.
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Case 3: If the intergrand contains the product of sine and cosine
functions of the form jsin "u-cos™ u du whereat least

one of the mor n is a positive odd integer, employ the
same techniqueas that of Casel.

Case 4 : If the intergrand contains the product of sine and cosine
functions of the form Isin "u-cos™ uduwhereboth mornisa

positive even integer, employ thesame techniqueas that of Case 2.
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Case 5:If theintergrand has any of the following form:

jsin au-cosbu du: jcos au-cosbudu: |sinau-sinbudu

Use the following transformations:
sine cosp = % [sin(cx + g)+sin(a - B)]
cosasin S :%[sin(a +,B)—sin(a —,3)]
sina sinf = % |- cos(a + B)+cos(a - B))

COScx COS3 = 1 [cos(a + )+ cos(a — )]
2

wherea =auand S = bu
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Il INTEGRATING PRODUCTS OF TANGENTS AND SECANTS
If m and n are positive integers, then the integral

i o]
v ¢

/ tan™ x sec” x dx

can be evaluated by one of the three procedures stated in Table 7.3.2, depending on whether
m and n are odd or even.

Table 7.3.2
INTEGRATING PRODUCTS OF TANGENTS AND SECANTS

f tan™ x sec” x dx PROCEDURE RELEVANT IDENTITIES

» Split off a factor of sec? x.
neven * Apply the relevant identity. seclx=tanZx+ 1
* Make the substitution u = tan x.

+ Split off a factor of sec x tan x.
modd + Apply the relevant identity. tan? x = secZ x— 1
+ Make the substitution u = sec x.

» Use the relevant identities to reduce

(meven the integrand to powers of sec x alone.

3 nodd * Then use the reduction formula for
LN

powers of sec x.

2

2
tan“x =secx— 1




» Example 4 Evaluate

(a) f tan” x sec® x dx
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ASSIGNMENT

1 j sin x cos(x/2) dx

2.

f tan> x sec” x dx

3 )ftanzxsecxdx
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