CALCULUS 2

INTEGRATION TECHNIQUES
Integration by parts




- - OBJECTIVES

* to evaluate integrals using integration by parts

* integrate functions using repeated integration by
parts

* Integrate functions using tabular form
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Integration by Parts:

The most useful among the techniques of integration is the
Integration by parts.

It Is derived from the differentials of the product of two factors.
If u and v are both differentiable functions of x, then

d(uv) = udv + vdu
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d(uv) = udv + vdu
By transposition,

udv = d(uv) — vdu

Integrating both sides of the equation, we have
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The integral Iudvis expressed in terms of another
integral jvdu which must be simpler than the given integral,

and is easier to evaluate.

Thus, given an integrand, a factor may be set as u, which is differentiable, and
the other part as dv where its integral must exist. The process can be used
repeatedly.
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The technique is used in integrating odd powers of :

*odd powers secant, cosecant, hyperbolic secant and hyperbolic cosecant
like ,
3 5,2
I sec” 4xdx j Xxcsch”x“dx

*inverses of trigonometric and hyperbolic functions like,

j sin™ 2xdx I x cosh ™ 3xdx

 products of transcendental /algebraic functions like

J‘X2 sin4xdx Iezx cos xdx
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» Example 1 Use integration by parts to evaluate f xcosxdx.

Solution. We will apply Formula (3). The first step is to make a choice for u and dv to
put the given integral in the form [u dv. We will let

H=x and dv =cosxdx

The second step 1s to compute du from u and
v from dv. This yields

of !

The third step 1s to apply Formula (3). This yields

X cosxdx = x smx— | sinx dx
i dv I v v dau

=xsinx —(—cosx)+C =xsinx +cosx +C -
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Find f.x sin x dx.

We have three choices: (@) u = xsinx, dv=dx; (b) u=sinx, dv=xdx; (¢) u=x, dv =sin x dx.
(@) Let u = xsinx, dv =dx. Then du = (sin x + x cos x) dx, v = x, and

f.rsin.rd.r=x-xsinx—fx(5in.r+xcosx}dr

The resulting integral is not as simple as the original, and this choice 1s discarded.
(b) Let u =sinx, dv=xdx. Then du=cos xdx, v=1ix° and

- 2 - 2
J’xsmxdx=%x smx—ji—x cos x dx

The resulting integral is not as simple as the onginal, and this choice too is discarded.
(c) Let u=x, dv=sinxdx. Then du=dx. v= —cosx, and

stinxdx=-—xcnsx-[—cnsxir==-—xmsx+5inx+€'



The integral of In(2) can be calculated using integration by parts. Let's denote u = In(x) and

dv = dx. Then, we have du = _%di, and v = .
Using the integration by parts formula:

[ In(z)dz = uv — [vdu

=zln(z) — [z 1dx

=xln(z) — [ ldx

=zln(z) —x+ C
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GUIDELINES FOR INTEGRATION BY PARTS

* The main goal 1n integration by parts 1s to choose u and dv to obtain a new integral that
1s easier to evaluate than the original.

* In general, there are no hard and fast rules for doing this; it 1s mainly a matter of
experience that comes from lots of practice.

* A strategy that often works 1s to choose u and dv so that u becomes “simpler” when
differentiated, while leaving a dv that can be readily integrated to obtain v.

There 1s another useful strategy for choosing u and dv that can be applied when the
1ntegrand 1s a product of two functions from different categories in the list

Logarithmic, Inverse trigonometric, Algebraic, Trigonometric, Exponential



GUIDELINES FOR INTEGRATION BY PARTS

1. Try letting dv be the most complicated portion of the integrand that fits a basic
integration rule. Then « will be the remaining factor(s) of the integrand.

2. Try letting u be the portion of the integrand whose derivative is a function
simpler than u. Then dv will be the remaining factor(s) of the integrand.

Note that dv always includes the dx of the original integrand.



EXAMPLE 1 Integration by Parts

Find j xe* dx.

Solution To apply integration by parts, you need to write the integral in the form
[ u dv. There are several ways to do this.

(x)(e"dx), [(e)(xdx), |(1)(xe"dx), | (xe*)(dx)

Ve — “ —— N !
i dv u dv u dv u dv

The guidelines on the preceding page suggest the first option because the derivative of
u = x is simpler than x, and dv = e* dx is the most complicated portion of the integrand
that fits a basic integration formula.

dv =e"dx [ v=jdv=jerdx=€x

u=x > du=dx
Now, integration by parts produces

ju dv = uv — J’L’ du Integration by parts formula
I.xe*"-:ix = xe* — Iefdx Substitute.
= xe* — e + C. Integrate.

To check this, differentiate xe* — e* + C to see that you obtain the original integrand.
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» Example 2 Eva]uatﬂfxe"" dx.

Solution. 1In this case the integrand is the product of the algebraic function x with the
exponential function ¢*. According to LIATE we should let

u=x and dv=e¢"dx

s0 that
du =dx and v ff_--‘f dr = "

Thus, from (3)

fxf"'dx=fudu=uv—fvdu=_r€'r—f€‘dx=xf"'—f"'+f -
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» Example 3 Eva]uatﬂf]nxdj:.

Solution. One choice is to let u = 1 and dv = Inx dx. But with this choice finding

v 1s equivalent to evaluating f In x dx and we have gained nothing. Therefore, the only
reasonable choice is to let

u=Inx dv = dx
1

du = —dx 1J=fa’x=x
X

With this choice it follows from (3) that

f]nxd_l:zfadvsz—fudu=xlnx—fdx=xlnx—x—|—ﬂ' =



Integration by Parts

Find j x2 In x dx.

Solution In this case, x* is more easily integrated than Inx. Furthermore,

derivative of In x is simpler than In x. So, you should let dv = x? dx.

3
dv = x*dx = v=jx3dx=%
1
u=Inx [ du= ;cir
Integration by parts produces
J’H dv = uv — J’v du Integration by parts formula
; .
Clnxde=2Inx — (I—)(l) dx Substitute.
3 3/ \x
x? 1 o
= Elnl — gszdx Simplify.
o 3
= — —— 4+ (. orate.
3 In x 9 C Integrate
You can check this result by differentiating.

d [ e 21 x?
a[?‘”‘T C] :E(;) t(Inx)(x) =73 = xlnx

the
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EXAMPLE 1: Find er” dx.
Take u=x* and dv = ¢* x dx; then du=2xdx and v = %EII, Now by (31.1),

1 1 Py z 2
jx“f" dx = 1’ —j.rf"' dx=1xte" - le" ¢+ C
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Find Jxe‘ dx.

lLet u =x, dv = ¢* dx. Then du =
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dx, v =e¢", and

jxe‘dx=xe‘—]e‘dr=xe‘-e‘+€

Find sz In x dx.

Let u=Inx, dv=x"dx. Then du =

J

3
X

XInxdx= -arlnx

dx
x

x dx

— = ==Inx-x

3 x

, U= %, and
1_3
3

5 )+

3

X dx-—-lnx—~x +C

3

1
9
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4. Find J xV 1+ xdx.

Let u=x, dv=VT+ xdx. Then du=dx, v=3(1+x)"" and

J’xm dx = ix(1+ x)*"* — 1 I(l +x)y Pdx=3x(1+ )"~ X1+ )"+ C

5. Find j arcsin x dx.

dx
Let u = arcsin x, dv = dx. Then du = ,u=x, and
V1-x?

i ) x dx ,
JETCSIHIII'.I:.IHI'CSIHI_”. V‘r_l——_;:.I'Iu'i.ll'l:‘.‘."%ll'l.II'|' "d'l“Iz'f‘C
_x'
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6. Find f sin” x dx,
Let u=sinx, dv=sinxdx. Then du=cosxdx, v=—cosx, and

[sin"’xdw-sinxcosx+fcuszxdx=—sinxcosﬂf(] ~sin’ x) dx
=—-},sin2x+[dx—Jsin1xdx

Hence ZJsinzxdx'—'-ﬁsinZHH ¢'" and JSiHZIdI= sk=5sin2x+ C
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REPEATED INTEGRATION BY PARTS
It 1s sometimes necessary to use integration by parts more than once in the same problem.

» Example 4 E\r’all_latﬂfﬁa‘lf—"' dx.

Solution. Let

-

u=x-. dv=e'dx. du=2xdx, v= f e Tdx = —e "
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so that from (3) fx;_f__f dx — fuﬂrl, —_— —fv du

— —x2e ¥ 42 f xe T dx (4)

The last integral is similar to the original except that we have replaced x* by x. Another
integration by parts applied to [ xe™" dx will complete the problem. We let

u=x, dv=e¢ "dx. du=dx. v= fﬁ'_x dx = —e™ "
so that
[IE_I dx = x(—e™) — [—e‘"" dxy = —xe " 4+ f e 'dx=—xe " —e "+ C
Finally, substituting this into the last line of (4) yields
[.TEE_I dx = —x’e ™" +2 [.rf._"" dx = —x*e ™ +2(—xe * —e )+ C

=—(x14+2x+2)e "+ C =
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» Example 5 Eva]uatﬂff: cosxdx.

Solution. Let

X . I X
H=cosx, dv=e dx, du=—sinxdx, v= ff_? dx = ¢

fE'T cosxdx = furfv = WU — f vdu = e* cosx + f e sinx dx (5)

Since the integral (e sinx dx is similar in form to the original integral [e* cosx dx, it
seems that nothing has been accomplished. However, let us integrate this new integral by
parts. We let

Thus,

u=sinx, dv=e¢dx. du=cosxdx, v= ff.'x dx = e'

fﬁ""' sin x dx =fudv=m!—fvdn=f‘r sin_l:—fe"'ccsxdx

Thus,
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Together with Equation (35) this yields

[EI cosxdx = e cosx +e'sinx — f e* cosxdx (6)

which 1s an equation we can solve for the unknown integral. We obtain

2 [EI cosxdx =¢e*cosx + e’ sinx

and hence

[EI cosx dx = %EI cosx + tefsiny +C «
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Find j.rz sin x dx.
Let u = x°, dv =sin x dx. Then du =2x dx, v = ~cos x, and

Ifsinxdx=—x2cnsx+2[xmsxdx

For the resulting integral, let ¥ = x and dv = cos x dx. Then du = dx, v = sin x, and

sz sinxdx=—x" cosx+2(xsinx—jsinxdx)= —x%cosx +2xsinx +2cosx + C
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9, Find f ‘o™ dx

Let u = x', dv = e’* dx. Then du =3x"dx, v = {e”

, and
IIJEZI d.x — %xjelr__ % J‘ E 2a dr|
For the resulting integral, let u = x° and dv = ¢”* dx. Then du = 2x dx, v = je**, and

j 3 itdx__ EIEEEI %(%IEEI; _jrflz tir)— IIJEII__ 4IIE2.: + QJIEIJ dI

For the resulting integral, let u = x and dv = e dx. Then du = dx, v =

f Yot dy = o2 — xleh+§(%1f"h_

b=

2 3 2 2 2 2
Ie‘dx)=éxe‘—,xe’+4xe -3¢+ C



Find I_x sin x dx.

U< x AU =Sinxdx
c&«kt}}g V= V(JV
~— (weXdx
S_/: ~Gsx
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_ q
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> 9
uv-fwlu
q
- ﬁ‘n)‘ - /?i_ c!g
q ¥

-'q'wanx- v oxd oy
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.!,-K
- d + JFx e
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%
= (4- 2xye ¥ e 4

L
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r(}'x-il) sin X Q w

U=2x+1 dv= Sindxdx
-2 d o |
qu=2 9% V=g s “x

Uv=-vidu
= (2x4)(-gtes9x) ‘f‘%bsixu dx )
- —%‘ZX‘“}CO&"X + -;' Jtosd)( J)t
-3 @xhy asqx -4 2 (3




Ixhﬁﬂxéx

L= X Ju:ﬁd‘kak
duzdx V= 4 Simax
UV-JVd“

--{x)(q Sinqx) Ju sin4xdx
- -a'-ysin‘lx - lqjsinixé"

— # w —

) -;',-xsinqx --é, ¢ tosw\+c



"—’D Evaluatcj Inxdx.

u=lnx dv - d s
Aq:f_ﬁeri X Y‘-fa‘-)f?-)(
xooxTT
uv-'_(w)u

= \wxbcj -f)(;t{c}%

- lwx - {A;f;
:an;x;}.(_




. 2 20 A
Find J‘_._t_’e‘ dx. J = @
' ‘ ¥ x Ix

u‘:‘x?’ é\‘\‘I:;a._.gg-:“_Tj— .
A w= 2% X V= [dv :_’,f*exxa‘/*
| h .
— \__Lc"
- 2‘_
u‘v...f\;a\%
- xq-_j_ ‘I'-:l,__ _Leﬁ'i?‘sﬂ-o\%
N 2 2 C oy
e X AX
- %X‘eﬁ - Jﬂ‘e *
)
2 A
- A\ “"cv‘--_l_e_ 1
27 2 -




Fmdjx"lnxdx.

\\ :\V\x v = )Cldf

du = Lox \/=rx e
x V= 2
S
U.\/-afvdu
- ‘ﬁny %5 —jl‘iad“"'
' 3 3

AV

3 3
1
3 3
- X | vx- X C
3 3 t
3
= YXlax -2’4 ¢
3




Fin | - (147 e
A= %

_ T & < [dx = Ax

Ve
Y (Vas 0 5
Aus Ax - I'Ui‘)‘-)/ hx ( Ma& 2z /'1.
o = 2 o3

J = i:(fut) 32 s : Rz
v 54
Q\J (Hiq " - 2 uﬁ_é

X(lk*’%‘)h) fz(H?‘) Ax 5

_ sy(t-’hﬂ) IU“() 2 Ix

Ay



Find[amin:d... j X<

L= Afcsinx A'Jff}‘)ﬂ mlhv
’ 2
AU\‘T ,,l____, DL% V= X jll X Q_)(q'\) /k-)*’-
s (=L -%
uv-@o“-ﬁ du= -2% Ax
.* | Ax = 44
— avesax(x) — [ X B o 2%
- I/ Au,‘
'IJ.,
JX =
XAV S g X — ~ (- X ‘ 10‘”‘ v/
S
,erc&uﬂw ___;LA A V].




Evaluate [
r N

-

Xt

4 dx.

e

dv:efxéx




SUMMARY: COMMON INTEGRALS USING INTEGRATION BY
PARTS

1. For integrals of the form

J x" e dx, J x"sinax dx, or f x" cos ax dx

let u = x" and let dv = ™ dx. sin ax dx, or cos ax dx.

2. For integrals of the form
f 2" In x dx, f x" arcsin ax dx, or f x" arctan ax dx

let 4« = In x, arcsin ax. or arctan ax and let dv = x" dx.

"

. For integrals of the form
Je“—" sin bx dx  or Je“—*’ cos bx dx

let 4 = sin bx or cos bx and let dv = e dx.
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A TABULAR METHOD FOR REPEATED INTEGRATION BY PARTS

Integrals of the form
f p(x)f(x)dx

where p(x) is a polynomial, can sometimes be evaluated using repeated integration by
parts in which u 1s taken to be p(x) or one of its derivatives at each stage. Since du is
computed by differentiating u, the repeated differentiation of p(x) will eventually produce
(0, at which point you may be left with a simplified integration problem. A convenient
method for organizing the computations into two columns is called tabular integration by
parts.
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Tabular Integration by Parts

Step 1. Differentiate p(x) repeatedly until you obtain 0, and list the results in the first
column.

Step 2. Integrate f(x) repeatedly and list the results in the second column.

Step 3. Draw an arrow from each entry in the first column to the entry that is one row
down in the second column.

Step 4. Label the arrows with alternating + and — signs, starting with a +.

Step 3. For each arrow, form the product of the expressions at its tip and tail and then
multiply that product by +1 or —1 in accordance with the sign on the arrow.

Add the results to obtain the value of the integral.
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This process is illustrated in Figure 7.2.1 for the integral f{xz — Xx)cosxdx.

REPEATED REPEATED
DIFFERENTIATION INTEGRATION
Xt —x + COS X
2x—1 \—' sin x
2 \+‘ —CO0S X
0 \ —sin x

(x*—x) cosxdr = (¥ — ¥ sinx+ (2x— 1) cosx— 2sinx+ C
=(x*—x—2)sinx+ (2x— D cosx+ C
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f(x3 —x)cosxdx.

Us:nj Tebaler o D 1

Do ahve 1. #Jaf‘\
t X%
- ?_x" \.’SH")‘
\, - losse

\ -s‘“ ’

- (X“X) Simx L sz-.‘) sx = 2Sinx + C

*

2.

 —
’ P ()(1—)(-1.) Svn X (‘ZX*I) LS t C ’

L —
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Example 6 fszx —1dx

Solution.
REFEATED REPEATED
DIFFERENTIATION INTEGREATION
P \Jr‘ (x— 1)1z
E.,-'I' \—‘ %L-'I'— 1}3;2
P~ oE f5 (0= 152
0 8 (x— UTIE

105

fxzw"l’ — ldx = %IIII - I:II:“2 J:(l: — ]]55‘ + ] [J: )F”E +C -
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Example 6 fszx —1dx

Solution.
REFEATED REPEATED
DIFFERENTIATION INTEGREATION
P \Jr‘ (x— 1)1z
E.,-'I' \—‘ %L-'I'— 1}3;2
P~ oE f5 (0= 152
0 8 (x— UTIE

105

fxzw"l’ — ldx = %IIII - I:II:“2 J:(l: — ]]55‘ + ] [J: )F”E +C -
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Ex 3
/’{3:4*:2 —x+ 2)e " dx. Then

diff. antidiff.

3’ —r+ 2 e
N+

br — 1 —e T
N —

§ e T
Ny

0 —e T

—e *[32% + 5z + 7]+ C.
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Let [ denote [ 47* sin 22 dz. Then

diff. antidiff.
4x? sin 2r
N+
1
1627 3 cos 2r
- 1
4822 7 sin 2z
N+
1
96 E cos 2o
b 1
96 TG sin 2
N+
1
() T cos 2r

I = f-'l:r*1 sin 2z dr = (—22* + 622 — 3) cos 2z + (42° — 6z) sin 2z + C.
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51. Let [ denote [ e sin bz dz. Then

diff. antidiff.
gt sin bx
Nt
1
ae™™ ——coshr
N h
. L
ale? ——sinbxr
b‘l

!

. 1 .
[ = [e” sinbrdr = ——e™ coshr + =™ sinbr —

b b

ELE

h2

[,s0] =

(T
£

al + b

(asinbr — beoshr) + C.
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‘L\;(S,.h'ou by Pavis (sene (eses) " . o » -
— Q §inx= | @ wwsX
‘)JC’Conc‘x | fe COSXé)( Q sx t i ¥
w= s x av:exéx S’m‘ . Xl y
Au= -sinxdy vze€ d f 74.;5)(4)( Q LY ¥E A0
(i ji Lsx ax ¥
o / irx +C
e wsx ~ f‘x"s A 2 fe (/05Xé o= €x(«»sx +€ S
e osx t fe*snx dx X . c
< X gihX
= Sinx dv=€ dx jestxéx - = ";”‘ ’re—-a" z

AQ:OOS Yéx V:'Cx g /

¥ Losy + eX sinx -f e cos dx

Same 6S oviyi ne
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béng DV wethod (sse '

X )
( Xomsx 35 .y
D 1 o Wsx + e Sl x -fe T é
% b4
. e % X - (*osx
4 usx‘\’ » fexusxéx:qu-ﬂsr‘* I
e e

- <5inX % ¥sin X
Jlo S X @ Je)(bs \(tlxi-fé‘wy“y: e (e $E ¥

3 X x.;Q"s\n* e

P EXH,SXAX = < “‘: "s‘ _
= (oSX g Sivx A
lc"usxb‘ = | € 4 e
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X
ex1 f62 sin 3x Jx

D

+  Sin3x e?” "
s 3(053)1 ' zx le Siv\ - Qv((msx-‘qq’ J(z S\n‘YAx

|

1 1LX .3 X _[q ax‘ A%
ze Sin 3X ..qe LOs3X ae sin3x

3
CrrjeD 3 :

LtRECoBD = 5

Simalay I 2% qSe‘IJ‘s.“y v
se 1 ol g ‘
e ) ¥ J‘C anaxdx = .\ e siniX 3¢ "o * 3

Q'Zos‘sx + <

- .le $\n3x — 1

7% _.
f 1"5\“3)‘Ax+ ﬁ e ‘StV‘3X¢\)‘

2X . A = .‘—Clxs\
B re i X X - 2
9 2%
f Wi n3IXAX T A
e G
2X Qi
ZQ
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DI (0se 3

:UMAX

_L.,x

= 35

L‘Xs .F \v\\ (y»%‘!

¢ =m BE / N o= T A

2% * |nx /'“‘

\ &
2xt\nx-4 X4 €

'2;3( \ux - 44X 4 "S or

S;{x (Wnx -2)+€ '
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4)/ X[ x d x
D1 ; 3
t ‘“Y% (ase : 2_—;— \Y.X ~3 &3' -
3
(—‘- )mtca}wb' " ‘ 3\ -.L)( e
3 n X @G
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5> fsm{; d x
U= J¥ D I
” < A \ ‘$1n O
w = X = I8 ~losw
2udu= dx 1 0 -Siny

Js]hu“‘\“ 2 (-0 Cosu t finu) 4 ¢
22U CosU + 25in4 +C

ZJus\h\& d 'ZW “sﬁ* 25“\4-‘* C




1

¢) j ln (24 %) d

\n @ +x%)
(=D
24+ %
m\'\"w

) _

Xn (24¥) J

-‘zh + I 4‘:“ Jj’." s

n (24 )-2% 4 2240w’

l-x

24x*
2

,

-q

T

24 *

- j@' zu‘x‘h

(

e
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