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CHAIN RULE

2.6.1 THEOREM (The Chain Rule) If g is differentiable at x and f is differentiable at
g(x), then the composition f o g is differentiable at x. Moreover, if

v= flg(x)) and u = g(x)

then vy = f(u) and
dy dy du _
= = (1)
dx du dx

AN ALTERNATIVE VERSION OF THE CHAIN RULE

d
L] = (fog) (x) = f'(g(x))g'(x) (2)

A convenient way to remember this formula is to call f the “outside function” and g the
“inside function in the composition f(g(x)) and then express (2) in words as:
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The derivative of f(g(x)) is the derivative of the outside function evaluated at the inside
function times the derivative of the inside function.

d () () "
—[flegx))] = f(gx))- g (x)
dx -

Derivative of the outside
function evaluated at the
inside function

Derivative of the
inside function
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GENERALIZED DERIVATIVE FORMULAS

d . du .
—[f@)] = f')—= (3)

Power Chain Rule,

d r—1 di
O 1.8 = pgpr—1 9u
ﬂ’,!:'[ | = ru dx

Example Find
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Example 1 Find

d :
_[_1.1 oy L 2]3.-4
dx

Solution

: y, : : . . 1/4 .
Takingu = x~ — x 4 2 inthe generalized derivative formula for u™ " yields

ﬂr 3 1/4 d 1/4 3 —1/4 ﬂrH
— = — 2 i — i S N
G A =gl =
3 ] i ; If-{ 5
=t x4+ [ —x 42
4{ dx[ |
¢!

- i{_rf x4+ Mox -
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Example 2
y=(4x* — 2x + 5)°

Lety=u’and u =4x*> - 2x + 5.
a .3y 2
— (u’)=3u
d 2
— (4x“-2x+5) = 8x-2
dx
v _ 2_ 2 (8x-
—~=3 (4x“-2x+5)* (8x-2)

ay _ ) 2_ 2
= (24x-6) (4x“=-2x+5)
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Example 3
Differentiate s = (* — 3)*.
as _ o0 v
T =4r-—=3)(21):
ds

7 =81(t2 = 3)°.
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—_—

BN L S=oa

da= &% 73
y - 4
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. 3
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3
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Example 4

Differentiate v = (x> + 4)%(2x° — 1),

Solution
Use the Product Rule and the Power Chain Rule:

v =(x" +4] {21 — 1) +(2x° —]} {1 +4)?

_ 2 Aa 1y d i Av3 133 2 d .
=(x*+4)*(3)2x =1 d_x{zx D+(2x" —=1)(2)x +4}d_]:{x +4)

=(x*+4)*(3)2x* = DH6x7)+(2xF =1 (2)(x* +4)(2x)
= 2x(x*+4)(2x° = 1)*(13x° + 36x-2)
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Example 4

Differentiate vy = (x> + 4)*(2x* — 1)°.
N PRI | 3\ 3y d 2 A\
y= X 14) :&(zx 1)‘-{—@:( 1) T (% 4 q)
o (T [3 (o Fa00]) 4t [r M $0249
3
NCE0)) fs (2x-) (6x%) T4 @25-) (2 ¢ x*44) C2n)

= (16 (2204 @050 Lax o))
= Qt.”l‘iS‘ (16%) (17:3-1);" 1 Qtl—i-ﬂ@_g)gxlj)?r

e

(i e bowv psm -

- (A e + (o)

S (N @) (arap (A R 1 4 )

_—
t@ﬁ‘ﬂ@ﬁgx’—l Yo (V3P 3cx-zﬁ
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Other examples. Differentiate the following

3
d) = - — :
{ } ({T' }"]I' a is constant

(b) f(x)=+x24+6x+3:

(c)

32
Y=
T4 -x?
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Higher Derivatives
[f y = f(x) is differentiable. its derivative y" is also called the first derivative of f. If y" is differentiable. its

derivative 1s called the second derivative of f. If this second derivative is differentiable, then its derivative 1s

called the third derivative of f, and so on.

Notation

. — , , dy

First derivative: v,  f'(x), LA D.y
w d-r A

i . - e L4 d21~ ')

Second derivative: v, ), ek D’y

= gt . pe rer dﬁv 3
Third derivative: v (), I Dy

d"y
[h : I'|'. : T L "‘.ﬁl' I:-'ilb - 1
n"™ derivative: ymoo o Do
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HIGHER DERIVATIVES

The derivative ' of a function f is itself a function and hence
may have a derivative of its own. If f’is differentiable, then its
derivative is denoted by f”and is called the second derivative
of f . As long as we have differentiability, we can continue the
process of differentiating to obtain third, fourth, fifth, and even
higher derivatives of f . These successive derivatives are
denoted by f{. _}‘"” _ {f-.-}.-. .fm _ (f'"f}'f* fu-h _ {fm}.r‘ f-ri:u _ l:fl—h}-'. o
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Notation

First derivative:

Second derivative:

Third derivative:

n'™ derivative:

DERIVATIVES

, , dy
ve S, oo DY
d*y .
}w‘ fu {IJ dxvl ) D; }.1
d’y :
}:-.*H. f’w[.l':'- E . D{}‘
d"y

},{ n) . f[n ) i dx»n . D:j' },
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EXAMPLE 1

Find the first four derivatives of
y = x3 — 3x*

Solution

First derivative: y' = 3x* — 6x
Second derivative: y" = 6x — 6
Third derivative:  y" = 6

Fourth derivative: y'*¥ = 0.
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EXAMPLE 2

Find the third derivative (y) of y = ——

. 3+x
Solution:

}"={3+x]"

y'==(3+x)""

y'=23+x)"

M= — =4 = —
y 6(3 + x) or G1a)
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EXAMPLE 3
At what order of derivative the function

f(x) = 2x7+ x® becomes 0?
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6\{ q*dQVCVO'L'\I( gQ') b“"’;‘-‘-p
Silubes pm—

flys Mxb ¢ gy
{“(x) = 84x°+ 5ex°
{(,) 2 qsz‘-’ 33(,)“

- (o = \(.Smt"*'W“‘
HX\ _ 554y t (120 K
"'(x) - ook + 201Lsx]

oo® + 4°3’°>‘

+RBC2mD P’ =0

f(x) = 2x7+ x® becomes 0?
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