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THE DERIVATIVE FUNCTION

221 peFiNiTIoN  The function f' defined by the formula

|
P et 0)
h—0 h

is called the derivative of f with respect to x. The domain of f consists of all x in the
domain of f for which the limit exists.

The term “derivative” is used because the function f
Is derived from the function f by a limiting process.
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Example 1
Find the derivative with respect to x of f{x) = x4, and use it to
find the equation of the tangent line to y = x2 at x = 2.

Solution. 1t follows from (2) that

x+h)— fx) x+h?—x?
f(x) = lim fath - &) = lim o+ ) '
h—0 h h—( h
_ X%+ 2xh + h* — x? - 2xh+ h*
= |lim = lim
h—0 h h—0 h

= lim(2x + h) = 2x

f—10

Thus, the slope of the tangent line to y = xtatx =2is f'(2) =4. Since y =4 ifx =2,
the point-slope form of the tangent line is

y—4=4(x-2)

which we can rewrite in slope-intercept form as y = 4x — 4 (Figure 2.2.1). «
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-3 -2 -1
A Figure 2.2.1
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You can think of f as a “slope-producing function™ in the sense that the value of f'(x)
at x = xp i1s the slope of the tangent line to the graph of f at x = xy. This aspect of
the derivative is illustrated in Figure 2.2.2, which shows the graphs of f(x) = x* and its
derivative f'(x) = 2Zx (obtained in Example 1). The figure illustrates that the values of
fi(x)=2x at x = —2,0, and 2 correspond to the slopes of the tangent lines to the graph
of f(x) = x? at those values of x.

>
b

¥= flx) = x2
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In general, if f'(x) is defined at x = xg, then the point-slope form of the equation of the
tangent line to the graph of y = f(x) at x = xj may be found using the following steps.

Finding an Equation for the Tangent Line to y = f(x) at x = x.

Step 1. Evaluate f(xg); the point of tangency is (xo, f(x0)).

Step 2. Find f'(x) and evaluate f'(x), which is the slope m of the line.

Step 3. Substitute the value of the slope m and the point (xg, f(xg)) into the point-slope

form of the line y — f(xg) = f'(xp)(x = xp)

or, equivalently, y = f(xo) + f'(xo)(x = Xo) 3)
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» Example 2

(a) Find the derivative with respect to x of f(x) = X’ —x.
(b) Graph f and f' together, and discuss the relationship between the two graphs.

Solution (a).

flx+h) = fx)

o) — i
f{lj J'Jl—r*rr::l h
xR = (x+h)] =[x =]
— lim
h—10 h
[P 3+ 3xhr+ R —x —h] - [x —x]
= |im
h—10 h
 3x*h+3xh*+h —h
— lim
h—10 h

=y%mﬁ+1m+h?-u=3ﬁ—1
T —*
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Solution (b). Since f'(x) can be interpreted as the slope of the tangent line to the graph
of v = f(x) at x, it follows that f'(x) is positive where the tangent line has positive
slope, is negative where the tangent line has negative slope, and is zero where the tangent
line is horizontal. We leave it for you to verify that this is consistent with the graphs of
fix) = x> — x and fl(x)= 3x* — 1 shown in Figure 2.2.3. «

A ¥
f f
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1 |
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A Figure 2.2.3
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» Example 4

(a) Find the derivative with respect to x of f(x) = /x.
(b) Find the slope of the tangent line to v = /x atx = 9.

Solution (a).  Recall from Example 4 of Section 2.1 that the slope of the tangent line to
y = J/xatx = xpis given by my, = 1/(2,/x5). Thus, f'(x) = 1/(2/x).

Solution (b), The slope of the tangent line at x = 91s f'(Y). From part (a), this slope 1s
fO) =100 =7
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COMPUTING INSTANTANEOUS VELOCITY

[t follows from Formula (5) of Section 2.1 (with f replacing fy) thatif s = f(f) is the position
function of a particle in rectilinear motion, then the instantaneous velocity at an arbitrary
time f 1s givﬁtn b}’ | f(f +h) - f{”

Ui = lIM
h—0 h

Since the right side of this equation is the derivative of the function f (with f rather than x

as the independent variable), it follows that if f(f) 1s the position function of a particle in
rectilinear motion, then the function

o) = £10) = lim frt hj ntl n

represents the instantaneous velocity of the particle at time . Accordingly, we call (4) the
instantaneous velocity function or, more simply, the velocity function of the particle.
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» Example 5 Recall the particle from Example 5 of Section 2.1 with position function

s= flt)=14+5t - 2t*. Here f(t) 1s measured in meters and ¢ 1s measured in seconds.
Find the velocity function of the particle.

Solution. Tt follows from (4) that the velocity function is

ft+h) = f(t) 1450t +h) =2t +h) -1 45t =217
v(t) = lim |

a0 h = b A

=P+ 2R+ R -t 4+5h . —4th —2h* + 5h
= |lim = lim

h—0 h h—0 h
=Jlin}'(—4f —2h+3)=5-4t

i‘—"r

where the units of velocity are meters per second. «
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B DIFFERENTIABILITY

[t 1s possible that the limit that defines the derivative of a function f may not exist at certain
points in the domain of f. At such points the derivative is undefined. To account for this
possibility we make the following definition.

2.2.2 pEeFINITION A function f is said to be differentiable at x; if the limit
, . flxg+h) — flxo)
fxg) = Jf]n ; ()

exists. If f is differentiable at each point of the open interval (a, b), then we say that it
is differentiable on (a, b), and similarly for open intervals of the form (a, 4=, (—oe, b),

and (—o=, +). In the last case we say that f is differentiable everywhere.
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| DERIVATIVES AT THE ENDPOINTS OF AN INTERVAL

If a function f is defined on a closed interval [a. b] but not outside that interval, then [’
1s not defined at the endpoints of the interval because derivatives are two-sided limits. To
deal with this we define left-hand derivatives and right-hand derivatives by

f . flx+h) - flx) : . fla+h)— fx)
J-x) = m i wd - filx) = b, h

respectively. These are called one-sided derivatives. Geometrically, f' (x) is the limit of
the slopes of the secant lines as x is approached from the left and f, (x) is the limit of the
slopes of the secant lines as x is approached from the right. For a closed interval [a, b], we

will understand the derivative at the left endpoint to be f (a) and at the right endpoint to
be f'(b) (Figure 2.2.13).

Slope = £/ (a)

|

|

I
a b
A Figure 2.2.13
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In general, we will say that f s differentiable on an interval of the form [a, B, 4, +:0),
(=, D), [a, b), or {a, b] if 1t 15 differentiable at all points nside the Interval and the appro-
priate one-sided dervative exists at each Included endpont.
can be proved that a function f 15 continuous from the left at those points where

the Ieft-hand derivative exists and 1s continuous from the right at those points where the
right-hand dertvative exsts.

i
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DERIVATIVE NOTATIONS

 The process of finding a derivative is called differentiation.
You can think of differentiation as an operation on
functions that associates a function f  with a function f.
When the independent variable is x, the differentiation
operation 1s also commonly denoted by

P I . -
fix)= f—[,f{.r]] or fix)= D fix)]
dx
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* In the case where there 1s a dependent variable y = f(x),
the derivative 1s also commonly denoted by

r i p f“l.l
filx)=vix) or fix)= “r
dx

* With the above notations, the value of the derivative at a point x,
can be expressed as

. 1 , | | | v
f.(-T[]':I — ;Tlf{\ I] \ fl{l'{ﬂ = D'T['f{ﬂ]..r:.l'..' f'{,l’[]jl = ﬁ'l{-r{:lh f'[_'i_'m — {_

=1, dx |,
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If a variable w changes from some 1nitial value w, to some final
value wq, then the final value minus the initial value 1s called an
increment in w and is denoted by

Aw = wy — wy (8)
[ncrements can be positive or negative, depending on whether the final value is larger or

smaller than the initial value. The increment symbol in (8) should not be interpreted as a
product; rather, Aw should be regarded as a single symbol representing the change in the

value of w.
[t is common to regard the variable /& in the derivative formula
: x+h)— §
F(x) = lim flx +h)— f(x) ©)
h—0 h
as an increment Ax in x and write (9) as
) Ax)— f(
fix) = lim L& TAY — ) (10)

Ax—10 Ax
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Moreover, if y = f(x), then the numerator in (10) can be regarded as the increment

Ay = f(x + Ax) - f(x) (11)
in which case
dv Ay -+ Ax) —
Y _yim A gy JEEAD W) (12)
dx Ax=0Ax  Ax=0 Ax

The geometric interpretations of Ax and Ay are shown in Figure 2.2.14.

Sometimes it is desirable to express derivatives in a form that does not use increments
at all. For example, if we let w = x + h in Formula (9), then w— x as h— 0, so we can
rewrite that formula as

fw) — f(x)

f(x) = lim (13)

=X w—-Xx
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(Compare Figures 2.2.14 and 2.2.15.)

< _ lim =¥ sy — lim
E — Ax—l E ) = W—sx W —x

A Figure 2.2.14 A Figure 2.2.15
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When letters other than x and y are used for the ndependent and dependent variables,
he derivative notations must be adjusted accordingly. Thus, for example, 1f s = f(£) 1s the
position function for a particle n rectilinear motion, then the velocity function v(f) i (4)
can be expressed as

A ) - fi
PRI (i 14
dt A=0At A= Al
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Example

ind i v =~ - 4. i s e vl of Al when g =4, 3120, ¢ -1,

V+AV=(x+Ax) —(x+Ax)* -4
=X+ 303 (AX) + 3x(Ax) +(Ax) = x> = 20(Ax) - (Ax) -4 -y

= [x3 + 3x%(Ax) + 3x(Ax) + (Ax)® — x? — 2x(Ax) —
(Ax)* — 4) ]- [(x® — x* — 4)]

‘31" = (3.:1': —2x)Ax+ {31 — l]{l'l. }3 + {AI};

Ay , )
——=3x"—-2x+(3x-DAx+(Ax)

AX

@ _ lim [3x* —2x+ (3x—)Ax+(Ax)*]=3x" - 2x
dx — Avso - o - - - B



(a)

(b)

(c)

dv
dx

dy
dx

dx

r=4

=0

x=-—1

DERIVATIVES

=3(4)> — 2(4) = 40:

=3(0)" —2(0)=0:

=3(—1)*—-2(-1)=5
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Find the derivative of v = f(x) = x* + 3x + 5.

Av=f(x+Ax)- f(x)=[(x+Ax)* +3(x + Ax)+ 5)]-[x* + 3x+35]
=[x+ 20 Ax+(Ax) +3x +3Ax+5] =[x +3x + 5] =2x Ax+ (Ax)* + 3Ax
=(2x+Ax+3)Ax

£=21+£L1'-|-3
Ax

50, ﬂ: lm (2x+Ax+3)=2x+3.
(adx  Ax—o
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Find the derivative of each of the following: using increment
formula

(a) v=4x-—
(b) v=4-13x

(c) vy=x+2x-3

—3
(d) Find the derivative of f(x)= 3][ 1
(€) Find the derivative of }-'—f{l:}—— atx=1and x=3.

2
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Find the derivative of each of the following: using increment
formula

(a) y=4x-3
(b) v=4-3x

(c) vy=x+2x-3

d) F; N 2X—3
(d) Find the derivative of f(x) A d

- atx=1and x=3.

(¢) Find the derivative of y= f(x)=
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Using this formula

: : x+h)— f(x)
fix)= lim ] /
== h

Example . If f(x) = 3x2%- 12x + 8. find
(@) /(%)
(b) /" (4)
(©)f '(-2)
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Solution

f'(x) = hm

} 1}
R ) | 2(x Ih) N] (3 2y 5)
Ihm
) « () I.‘
C 3x* 4 6xh + 3h* — 12x — 12h + 8) — (3x* — 12x + 8)
lim |
hh =+ () n
| Gxh + 3h- | 24
[1m ,
h—e [} It

Ihm (6x + 3h

l 5

-—

O\
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Solution
b.1°(4)
Substituting lor x i f (x) = 6 12. we obtamn
(4)=6(4) — 12 =12
2)=6(—2)— 12= —24

c.f'(x) =6x-12

[(-2) = 6(-2) -12
= -24
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INTRODUCTION TO TECHNIQUES OF
DIFFERENTIATION

DERIVATIVE OF A CONSTANT

2.3.1 THEOREM The derivative of a constant function is 0; that is, if ¢ is any real

number, then f
i

—[c] =0 (1)
dx

» Example 1

e 1] =0 ﬂ'[ 31— 0 ﬂ’[ -0 d [ ,ﬁ] 0 <
dx" 7 dx- T 77 dx = dx A
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2.3.2 THEOREM (The Power Rule) If n is a positive integer, then

d f
d—[x | = nx
X

n—I1

PROOF Let f(x) = x". Thus, from the definition of a derivative and the binomial formula
for expanding the expression (x + h)", we obtain

d . , flx+h)— fix) o x+ )T —x"
—[x"] = fi(x) = lim = lim
dx h—10 h h—0 h
n =1 nin —1) n—232 pn—1 n "
x" 4+ nx h+TI h= =+ .-+ nxh + h" | —x
= lim :
h—1 h
nin — 1
nx"1h 4+ %I”_lhl 4t nxh™ L h"
= lim -
h—0 h

nin —1) 5 5
= ;limh [n.r”_l — %x”_‘h + -+ nxh"" + h”—']
i— P

—nx" ' +0+4+..-+0+0

— n:{”_l m
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» Example 2

2.3.3 THEOREM (Extended Power Rule) [f r is any real number, then

el Fa

4 %] = rxr! G

dx

In words, to differentiate a power function, decrease the constant exponent by one and
multiply the resulting power function by the original exponent.
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2.3.3 THEOREM (Extended Power Rule) [If r is any real number, then

d
_[Ir] _ F'_I'r_l

dx

(7)

In words, to differentiate a power function, decrease the constant exponent by one and
multiply the resulting power function by the original exponent.

» Example 3

— [+™ — a—1

dx[r | = mx

d 1 d | [—] _9 1
x|l =H[r |=(—Dx =—x"=-=
d [_1 d 00 —101 100
dw L"m} = gpt 1= 100w 101
i[ﬁ-’"ﬁ] _ i,{[df’m—l _ 41__—|.-'~.

dx 5 5

d
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DERIVATIVE OF A CONSTANT TIMES A FUNCTION

2.3.4 THEOREM (Constant Multiple Rule) If f is differentiable at x and c is any real
number, then cf is also differentiable at x and

d d
—lef()] = e[ f(x)] 8)
PROOF
d . ocfix+h)—cfix)
dx [c7 ()] .rriﬂfl h
. {flix—l—h}—f{l’]}
= lim ¢
f —() h_
— 1 f{'l T h} o f{T} A constant factor can be
= ¢ h 1]'1[' h moved through a limit sign.
i
Formula (B) can also be expressed in — — R .
function notation as ° I'.'f.-’: [f { } ]

ch-]r — Iffr
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In words, a constant factor can be moved through a derivative sign.

» Example 4 d T 1
——[4x"] = 4—[x"] = 4[8x"] = 32’
dx dx

d 12 12 11
—[—x"]=(—1)—[x""] = —12x

dx[ ] = ldl_[ ]

d [’T] d 5 T «
dx x| =7 1= =0
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DERIVATIVES OF SUMS AND DIFFERENCES

2.3.5 THEOREM (Sum and Difference Rulesy If f and g are differentiable at x, then so

are f + g and f — g and

d . d d (
E[ﬂi} + 2(x)] = a[f{x}] + E[E x)]

d _d -
E[ﬂi} —g2(x)] = E[f{x}] - E[Efﬂf}]

PROOF Formula (9) can be proved as follows:

d _ _ , (x+h)+egix+h)]—[flx)+ glx
A s etor] = fim L+ + 86+ D] = () + 2(0)
dx h—0 h
L e+ h) = o]+ [ex + h) — g(x)]
= b h
— lim f“ T hj - f{'}‘} 1 Em glx + hj — g(x) ThelimilEJFus.LlnTi:;
h—10 h h—0 h the sum of the limits.

d d ,
= E[ﬂlj] + E[E(l )]

(9)

(10)
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» Example 5

d d
— 22 = —[ 2%+ —[x =120 + (=0 = 12x° — 9y 10
adx dx dx

d [Vx—2x] d
g

See Formula (6).

Although Formulas (9) and (10) are stated for sums and differences of two functions,
they can be extended to any finite number of functions. For example, by grouping and
applying Formula (9) twice we obtain

(f+e+h) =f+e)+hl'=(f+e)+h=f+2+H

As illustrated in the following example, the constant multiple rule together with the ex-
tended versions of the sum and difference rules can be used to differentiate any polynomial.
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» Example 6 Find dy/dx if y = 3x% — 2x° + 6x 4+ 1.

Solution. dy d 3 8 _ 2y 46y + 1]
= —|3x" — Ix X
dx dx .
d d — x|+ —
38 — 21+ X 1
———r_[l] ,I[ ] :Irl-[l] d.lr[]

— 24x" —10x*+ 6 «
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THE PRODUCT AND QUOTIENT RULES

DERIVATIVE OF A PRODUCT

2.4.1 THEOREM (The Product Rule)y If f and g are differentiable at x, then so is the
product f - g, and

d d d
—[f(x)g(x)] = f(x)—[gx)] + g(x)—[f(x)] (1)
dx dx dx

Formula (1) can also be expressed as

(f-gy=f-g+g-f
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PROOF Whereas the proofs of the derivative rules in the last section were straightfor-
ward applications of the derivative definition, a key step in this proof involves adding and
subtracting the quantity f(x + h)g(x) to the numerator in the derivative definition. This
yields

flx+h)-glx+h)— flx)-g(x)

d ,
E[f{x}gu]] = hh_:}nﬂ

h
— lim fix+h)g(x+h)— flx+h)gx)+ fx +h)g(x) — flx)g(x)
 h—0 h
~im [f(,:: . g(x +h) — g(x) L ex)- flx+h)— fixl}
h—0 h h
, o oglx+h)y—gx) o flx+h)— fix)
= hm f(x +h) - hm h + im g(x) - lim h

— [ lim f(x -|-h}] i[g(l}] + [ lim g{t}] i[ﬂll]
h—0 dx h—0"""1dx

B d d
= f{x}E[g{I}] + g{x}ﬂ[ﬂx}]
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» Example 1 Finddy/dx if y = (4x* — 1)(7x" + x).

Solution. There are two methods that can be used to find dy/dx. We can either use t

product rule or we can multiply out the factors in v and then differentiate. We will gi
both methods.

Method 1. (Using the Product Rule)

Dy _ 4 17 4 x
E_E[{ x"—1)(/x x)]

) d 1 3 d ’,
= (4x" — D)—[Tx" + x] + (Tx” + x)—[4x" — 1]
dx dx
= @x? — DRIx+ 1) + (7x° + x)(8x) = 140x* — 9x% — 1
Method 2. (Multiplying First)

V= [43{2 — 1}(713 +x) = 28x7 —3x7 —x

Thus,
dvy ad

— = d—[zsxi‘ —3x7 —x] = 140x* —9x? — 1
X X

which agrees with the result obtained using the product rule. -«
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» Example 2 Find ds/dt if s = (1 4 1)4/1.

Solution. Applying the product rule yields

s

d
E :E[“ —I—F]\E]

d d
= (1 -I-TJE[\E]-F*JFE[] + 1]

1 + ¢ 1+ 3¢
1t g 143

2./t 2./t
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DERIVATIVE OF A QUOTIENT

 Just as the derivative of a product is not generally the product of the derivatives,
so the derivative of a quotient is not generally the quotient of the derivatives.
The correct relationship is given by the following theorem.

2.4.2 THEOREM (The Quotient Rule) If f and g are both differentiable at x and if
2(x) # 0, then f/g is differentiable at x and

— (2)

[2(x)]?

d d i
il:f{,l}:| g{'rjﬁ[f':-”]_f(ijﬁ[g{_}l;]

dx | g(x)

Formula (2) can also be expressed as

(f)r_lf-f’—f-e?’

- =
g=

8.

In words, the derivative of a quotient of two functions is the denominator
times the derivative of the numerator minus the numerator times the
derivative of the denominator, all divided by the denominator squared.
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PROOF

flx+h)  flx)
d [f{-’t’]} _im 2GR g(x)

dx 2(x)

_ iy XD 20 — fx) - gx + h)
h—0 h  h—0 h-gix)-glx+h)

Adding and subtracting f(x) - g(x) in the numerator yields

d [f{x}] — lim fx+h)-gx)— flx)-gx)— fix)-glx+h)+ fix)-glx)
dx

g(x) h—0 h-g(x)-glx+h)
_ (x +h)— fix) (x + h) — g(x)
g(x) - s )~/ — | Fx) - £ -
: h h
= lim _ _

h—0 gix)-e(x +h)

. . Sfix+h)— fix) . . glx+h)—g(x)
pm 8(x) - im, h e Al h

lim g(x) - lim g(x + h)
h—0 h—0

{ d
L}i_ljl[] gf.n} - %[f{x}] - [J}igﬂ fc:.n] L e ()]

dx dx

lim e(x) - lim e(x + h)
h—»ﬂg{ J ,u,_..{:."q{ J

d d
Lf;{f.rjﬂ[f{f.r)] — f{I}H[‘E{I”
[g(x)]"
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42—
x+5

» Example3 Find y'(x) fory =

Solution. Applying the quotient rule yields

X d 3 2 3 2 ﬂ‘l
dy d [.r-‘+1r3—1] (¢ +35) =" + 207 = 1] = (7 + 27 = 1) [x + 3]

dx  dx x+5 (x 4+ 5)*
(At 5)(3x? +4x) — (27 + 20 = 1)(1)
(x +5)°
(3 1927 4 200) — () + 267 - 1)
(x +5)°

2% + 17x2 4+ 20x + 1

: 4
(x +35)°
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o oxt—1
» Example 4 Let f(x) = T
FIND '(x)
Solution.  Applying the quotient rule yields
2 {,1'4—1}i[1r3—]]—{r:'—l';i[f—l—]]
dy _ d [x—1 _ dx ' dx
dx dx | x*+1 (x* 4+ 1)2
(x* + D(2x) — (x? — D)(dxH)
- (x* 4+ 1)2
—2x? 4+ 4xd 4+ 2x
1)

2x(x*—2x2 — 1)

(x* + 1)?
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SUMMARY OF DIFFERENTIATION RULES

RULES FOR DIFFERENTIATION

d , ,
Sl =10 (f-a=Ffg+g f
(cf) = cf” 1y g
(2) =22
(f+g' =fr+g 'f)‘_ g F—fg
(-5
(f-g=f-g

d o]
ﬁ[f]—ff




- Assignment el

Find the derivative of the following functions

»

» ‘wms TP A8 6. } T
1- .‘ o ..,‘ .\"
2. 1 )2 7. y=2x°+x
g y=mx —2x — 5x
3. l()—()
v’ 9. ) W -5+ me+
4 p = p& 4 2% 10. v = (2x + lJ'
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