LESSON 4

LIMITS
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OBJECTIVES g

¢ Discus limits of piecewise and
trigonometric functions

¢ Discus limits exponential and
logarithmic functions
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LIMITS OF TRIGONOMETRIC FUNCTION

If a is any number in the domain of corresponding trigonometric
functions

1. lim, ., sin(x) = sin(a).
. lim, ., cos(x) = cos(a).
. lim, ., tan(z) = tan(a).

2
3
4, lim, ., csc(x) = csc(a).
5. lim, ., sec(xz) = sec(a).
6

. lim, ., cot(x) = cot(a).



Iim sin(x) Iim cos(x) Limits Do Not Exist

X=++00 X =400

lim tan(x) lim cot(x) Limits Do Not Exist
X+ 400 X =400
lim sec(x) lim csc(x) Limits Do Not Exist

L~ 400 {400
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LIMITS OF TRIGONOMETRIC FUNCTION

SPECIAL LIMITS

hl[1 Y lfﬂ'] ] — COS X —0
= 1, x—0 X

hm
x—=l) X
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LIMITS OF TRIGONOMETRIC FUNCTION
Sqgueeze Theorem.

Suppose we have an inequality of functions

g(x) < f(z) < h(x)

in an interval around c. Then 1il}'.'“f|i-i"} < 1-@'";,!-{_;,,} < |I_illll_.|r!|:.i"}

provided those limits exist.

When the limits on the upper bound and lower bound are
the same, then the function in the middle is “squeezed” into
having the same limit.



E @+ LIMITS OF TRANSCENDENTAL FUNCTIONS Sy

LIMITS OF TRIGONOMETRIC FUNCTION

Sgueeze Theorem.
Suppose we have an inequality of functions  g(x) < f(x) < h(x)

In a interval around ¢ and that lim g() = L = lim h(z).

Then lim f(z) = L.

£ =0
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Example sin(r)

lim = 1.

E—+i] T

To do this, we’ll use the Squeeze theorem by establishing upper

and lower bounds on sin(x)/x in an interval around O.

Specifically, we'll show that .
pecifically, w W h]li(.!')

cos( ) €

<l
I

In an interval around O.



y = cos(x)




e gy consieng e unt e Enponon e i cre s vt oot i) sme e i e 7 |g |m\

S0

s, e et e o e i tvougn e oo o and), 5 o, v s e asuming k0 <A <. Lot v il

et e can ko conie <)

Figure 1.7.1: The unit circle and related triangles.
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Fiqure 1,19 shows tree regions heve been construced in th firs quadrant, two triangles and a sectr of a circle, which are also dran below, The rea of
the arge tiangle i %tanﬂ; the area ofthe secfor i 2, the arca o the tiangl contained nsde the sector i %sin 0.1t then clar from the diagra thet

Multiply all terms by 2, giving

1 = 0 =1
cos@ — sinf —

Taking reciprocals reverses the inequalities, giving

sinf
-

5 <L

cosf <
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Now take limits.
sin #

limcos # < lim < lim 1
10 a0 @ 80

sin @ <1

cos0 < lim
g0 @

sin @

<1

L < lim—

Clearly this means that lim 2% — 1
g—10



. sincT
litn =1
z—x0 I

Motice that £ = 0 is not in the domain of this function. Nevertheless, we can look at the limit

as x approaches 0. From the graph we find that the limit is 1 (there is an open circle atz =0
indicating 0 is not in the domain).
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1—cos @
&

Evaluate limg .

1—cos# 1—cos @ _ 1+cos @

]_llﬂg_}n i - ]_llﬂg_}n i 1+cos 8

1—cos*@
(1+cos &)

s .
gin“f
14-cos 8)

_ 1 sin & sin &
—]lI]lg_,,n a 14+cos @

Therefore,

. 1—cos #
]_'L'I]]g_,,q] 3 — 0.
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Other examples

. tanx
b) lim
. x>0 X
i sin(4x) 0 roe |
a) limy—o — 0 P sin(x)
sin(4x) _ 4 o COS X
X 4 X
_ Since these . Sinx
— 4 m sin(4x) form is —
4x ] X COSX
=4 m1 _ Sinx 1
- |
X COSX
. sin(4x) _ 1
lim,_, =4 —
0 X 1 = COSX
1 1
= lim,_,- — -1




LIMITS OF TRANSCENDENTAL FUNCTIONS

) him secx — | from reciprocal identities
" x * sec X = 1/cos X
L

] SeCx — 1 _ l COS5X |

=D X =D X
_ lp 1 - 05X Special
- M T cosx imit
—lim [ —L— | . [ l—cosx
A X
1 1 | | 1—cosx
- J'ﬂ COSX ,hﬂ x
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52 .
1 _ sin(2x)
—0 =y e) limy—o—
sin(5x)
f 2. lim3NEX _ i SIN2X 2 g) lim xtanx
) x—0 X Xx—0 X TT
: X=7
:2“m3m2x
VAN, sin 3x
=(2)1)=2 . sin3x . [ X }
3. lim= =lim| —
g lim xtanx x>0sin5x  x»0| SINSX
firy b
\ X AGw 3e sin3x
i 3
e Vo e Roacl _IXILES.sin)E(SX
0, ten 9¢ = 5X
AR ) _3e1.3
5el 5
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| — cost .1 —cost
lim
1 —cost : { f () { ()
Iim : = lim . = - ==—=0
(=) sin f [ =) sin f v s |
Iim —
! =0 [
4sindx
~ sin4dx , 4x
Im = Iim _
0 tan x v  SIN X
X COS X
. sindx
4lim
x~={) 4! 4

= — m—— = 4

osinx ‘ l -1
Iim Iim
=0 X x=={) COS X
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sin(4x I h 0
a) limy_o SMUX) _ sin 16) 0 fleed
X 0 X D 0 A
i Sinyh_l - sn(Ix%) R
x=b b S )( ~ \-4..__.
2 @) g sinldx)
2K
| X
Sih O = Lim g , liwm Sin 4 X
I X0 K20 ———_GX
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tan x

b) lim

x—=0 X ©




LIMITS OF TRANSCENDENTAL FUNCTIONS

02/23/2022 11:42 AM 9/11
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. . 2-1
lim sin( =—)
x—=0 x—1
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1.

2.

3.

4.

. Cosx
lim

x—0 x+1

lim Hcosd
B—x/?2

5
cos 1

lim _
t—=01+simni

3xtanx

lim —
¥—0 Sy

SI X

lim
=) :_T

. smn3@
lum :
g—0 286

Assignment/Activity 2

7. .. sin(8 x
lim,_.o (8x)
X
i
. cos- ()
8. lim — .
g—x/2]1 — sin(#)
. . 2 2 1
9. lim(sin“x + cos“ x) — cosx )—
x—0 X

10. lim 3tanx

ﬁ_
X 6



Solukan foAct. 2
L = Q5O ( Ej
=0 x+1 D"'[ - : -

2. lim fcosd = _‘_‘.CQ-SE- - IT(U)..

/2 2 - = -

~
~N

2

r
3. lim cns. ! = (Ca.s D} - 1
t—01+sint = N ..-[] I

3x -
4. lim 1_““” — -3((‘)‘1"“‘ o _ 6
=0 sy — —
0

;
$
;
X

i S X
“¥5e ow
X =5 »






7. sin(gx) __hwsl(f\ 8 X . E - \im & ‘S]n EX - e.\:l‘g_J
limy—o — Tk T & 70 & X
2
) cos-(#
8. lim (%)

9—x/21 — sin(0)
trbm "'Vijﬂ pgwc“ﬁc "C\ov!’“\l\ﬁ S nl.b t bsze =\
oy S = | -ginto

Ny - gin? . - & L reine _ (£ ll=
— lim \___S__'_‘,ﬁ. :\m(\#sﬂwﬁ)\\m _’J\D:;\El. > | " @
2

2 \ W) "'?_; S/n()



9. lim(sin*x + cos*x)
x=0

10, lim 3tanx

X=—
6

- 3donlT

3?‘
':3.—_{_3
3

1
= (0SX =
.




, SIn.x 1 | | COS X
Slﬂ.\',COSX,1iln.\'=—,CSC.\'=',—. SCCX =— _~C01-'=__= -
008 X SINY COS X tan x SIN X

The following are some properties of these functions:

. 3 2 2 2 2 2
sin“ x +cos” x = 1 1+ tan“ x = sec” x 14+ cot" x=csc” x
sin(x &£ y) = sin xcos y £ cos x sin y sin(—Xx) = —sinXx
cos(x 4 y) = CcosxCosy F sin xsin y Ccos(—x) = cos x

tanx ttany
tan(x + y) = ' tan(—x) = —tanx
: | Ftanxtany
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LIMITS EXPONENTIAL FUNCTION

Power Rule
, It is a property of power rule, used to
. . [im g(i?] find the limit of an exponential function
[im f(:ﬂ)gm = lim f(z)z ¢ whose base and exponent are in a
I—a I—d function form..

Constant Base Power Rule . . _
The limit of an exponential function is

Formula equal to the limit of the exponent
with same base. It is called the limit
lim f(z) rule of an exponential function.

lim bf{m) — bhT —a

L —r @



Constant Exponent Power Rule

lim [7()" = [ lim 5(z)|

£ —r a £ —r

Example

Evaluate lm (33: + 2)

r—1

Find the value of the given function by direct substitution.
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' 4—x* . 3 —x?
2 () 3. lim [S=2]
= 2(4—22) - 3_(_2)2)
=2 T DD
=1 _3—4
~ 256
1

256
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a2
(247%7)
2x—5

. 4— 2
> ng(z ) 6. lim
X—3
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2

2 24—-1‘
5 }CIE%(Z"’ x) 6 chL)n%(zx 5))
7 _ q’..q
-1 e
- 2 > 3-5%
_ -4
— 2 -'{
- Z
- T
2 <
_ — f
72 P

FREBESBRD
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Special limits

) L]
lim < -1
T — 0 I
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1. lim &=
x—0 2X

)

. 5(e*-1
lim ( )
x—=0 2 X

)

lim 2= ( )

x—0 2 X

e
lim == lim( )

Nl N]|O
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LIMITS OF LOGARITHMIC FUNCTIONS

1. limlog, x = log, c
X—C

2. limlog, f(x) =log, f(c), f(c) >0
X—C
when b >1
3}1_)1’2) logb X = OO }Clr% logb X = —O0O0

when 0< b <1

lim log, x = —o0 lim log, x = oo

X—00 x—=0
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Examples
1. lim log x = log 2

X2
2. lim_(logs 25x%)
xX——
= log: 25 (—5%)

= log: 625
=4

3. 9161_1)1% log,(12x + 4)
= log, 64

=6
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Examples
1. lim log x = log 2

X2
2. lim_(logs 25x%)
xX——
= log: 25 (—5%)

= log: 625
=4

3. 9161_1)1% log,(12x + 4)
= log, 64

=6



= LIMITS OF TRANSCENDENTAL FUNCTIONS 2

Examples
4. lim log(x*—8)

X—2

5. limlog,(12x + 8)
X—2



Examples
4. lim log(x*—8)

X—2

51 lin% log,(12x + 8)
X—

= |lim (03 (‘24'9.)
X972

- It:m laaz_ (_‘:1"{{-%)

— ‘03-2. 32
- &

—

03/0



X
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t = i
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i = (
_ Q
3176

1
~J



table

TABLE 1.4 Values of sin 6, cos @, and tan 6 for selected values of 6
Degrees -180 =135 =90 -—-45 0 30 45 60 90 120 135 150 180 270 360
. -Ir - -7 T T T T 27 T S In
f (radians) -7 1 ; 1 0 6 1 3 ; 3 1 6 T 27
o o TV2o o -Vaooo1 Va2 V3 V3 Va1
o 2 2 2 2 72 2 2 2
- fm A - .
_ -V2 V2 Vi V2 | 1 -V2 -V3
cos —1 > 0 3 ] 3 3 ; 0 7 ) 5 -1 0 1
/2 _ A /7
tan 6 0 1 -1 0 \;3 I V3 -V3 - ?3 0 0




table
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