CALCULUS 1

LIMITS OF A FUNCTION
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OBJECTIVES g

& Discuss the limits of functions
¢ Differentiate left and right limits
& Discus theorem on limits




i LIMITS ey
DEFINITION: LIMITS

* The most basic use of limits Is to describe
how a function behaves as the independent
variable approaches a given value.

* For example let us examine the behavior of
the function
f(x) = x4- x +1 for x-values closer and
closer to 2.
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=0 s (199 Lious iowe | 220|208 200 205 | 21
F(x) 2.71 2.852 2.97 2985 2.997 3.003 3.015 3.031 3.152 331

left side right side
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We describe this by saying that the “limit
of f(x) = x%-x+1 is 3 as x approaches
2 from either side,”

Thus;

we write

Iim(x2 — X 1): 3

X—2
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Limit of a Function

« If fis a function, then we say:
A is the limit of f (X) as x approaches a

If the value of f (x) gets arbitrarily close to A as x
approaches a. This is written in mathematical notation

as.

lim f(x) = A

X—d
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For example, lim x*=9, since x* gets arbitrarily close (0 9 as x approaches as close as one wishes to 3, The
» 1) L - . :
defonition of 1 f(x)=A was stated above 1n ordinary language. The definition can be stated i more precise

k]

mathematical language as follows: lim f(x)=A 1f and only 1f, for any given positive number €, however
, . T
small, there exists a positive number Bsuch ha, whenever 0 < r-a <0, then |flv)- 4| <e.

The gist of the definition 1s illustrated i Fig. 7-1. After € has been chosen [that 1s, after interval (i1)
has been chosen|. then & can be found [that is, interval (i) can be determined] so that, whenever x # a is
on interval (i), say at x,, then f(x) is on interval (i), at f(x,). Notice the important fact that whether or not

lim f(x)=A 1s true does not depend upon the value of f(x) when x =a. In fact, f(x) need not even be defined

I—d

when'x =a.
Ay f(-tn]
OO} O > X 0 — O— f(x)
a-2é a até A-¢ A A+e
(i) (1)
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EXAMPLE 7.1:  |im 1 ‘;‘ =4 although “i __24 15 not defined when x = 2. Since

-4 (x-2)(x+2)

-2 x-2 R

1_¢

we see that 22—
x-2

approaches 4 as x approaches 2.
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Right and Left Limits

« Bylimf (x) = Awe mean that, f is defined in some

X—d

open interval (c, a) and f (x) approaches A
as x approaches a through values less than a, that
IS, as X approaches a from the left

« Similarly, lim f(x) = A

X—a +

means that, f is defined in some open interval (a, d )
and f (x) approaches A as x approaches a from the
right.
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« If fis defined in an interval to the left of a and in an
Interval to the right of a, then the statement

lim f(x)=A

X —*{

IS equivalent to the conjunction of the two statements

lim f(x)=Aand lim f(x)=A.

X —d

 When a function is defined only on one side of a
point a, then we shall identify 1im f(x)

with the one-sided limit, If it exists.
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If f Is a real valued function, then x can approach a from two
sides: the left side of a and the right side of a. This is illustrated
with the help of the diagram below.

Tt
Fy

id

Left Hand Limit
If X approaches a from the left side, i.e. from the values less than a, the

function is said to have a left hand limit. If A is the left hand limit of f as X
approaches a, we write it as _

Iim fix)=A

X —d

Right Hand Limit
If x approaches a from the right side, i.e. from the values greater than a, the

function is said to have a right hand limit. If Ais the right hand limit of f as x
approaches a, we write it as lim fﬁf] — A

T—nd”
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For the existence of the limit of a real valued function at a
certain point, it is essential that both its left hand and right hand
limits exist and have the same value.

In other words, if the left and right hand limits exist and

lim f(z) = lim f(x)

T—¥il T—+l "

then f Is said to have a limit at x=a.

On the other hand if both the left and right hand limits exist but
lim f(z) # lim f(x)
I —ril

Tr—rd

then the limit of f does not exist at x=a.
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Example:

if f(x)=+x

then f is defined only to the right of 0. Hence, since

[1m ﬁ = (), we will also write lim Jx=0.

x— . . x—0

(Of course, im \ﬁ dogs not exist, smee \E s ot defmed when X < (),

e

This is an example where the existence of the limit from one side does not
entail the existence of the limit from the other side.
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EXAMPLE 7.3: The function f(x)= /9 —x

has the interval —3 = ¥ = 3 as its domain.

If a is any number on the interval (-3, 3), then
: ) 3 . . I -
lim /9 —x~ exists and is equal to /9 —a?.

X—i

Now consider a = 3. Let x approach 3 from the left; then

—— A=y

im J9-1* =0, Forx> 3, J9-x* is not defined, since 9 - x* is negative.

I—. — —

Hence. lim /9 —x* = lim ,/9—x* =0.
X—+1

x—3

Similarly, lim /9 —x* = |im J9—x? = 0.
x——7 1+

K ——
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Theorems on Limits

Theorem 7.1: i f(x)=c, aconstant, then lim f(x)=c.

I=l

For the next five theorems, assume [im f(x)=A and lim g(x) = B.

X—=d X—l

Theorem 7.2:  im¢- f(x)=c lim f(x)= cA.

-~
1= T+

Theorem 7.3:  lim[f(x)£ o(x)]=lim f(x)+lim g(x)=A B

I— I—=d I—
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Theorem 7.4:  [im[f(x)g(x)]=lim f(x)-limg(x)=A-B.

X—d X— X—d

m f(x)
Theorem 7.5:  [im| L&) _ _A ifB=0
—a\ g(x) ) limg(x) ~ B

X—+d

Theorem 7.6:  limy/f( \/[[mf ¥)=4A. if YA is defined.

X— K —*{
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Examples:
1. lim4=4, lim 3.14="
X—Aa X—Aa
2. lim 5x =
X—2
3.lim(2x + 3) =
X—2
lim(x?% — 4x + 1)=
X—2
4. lim (4x)(3x) =

x—1/2

(7.1)

(7.2)

(7.3)

(7.4)
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LIMITS
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> 5 X491 X1 X-y2
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q) Ilm(‘lkx:»‘) - l‘wrfllx R 'im 3%
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- 4% 3G
- 23
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- &
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> fim X=2 (7.5)
x—3 X T <
o
6. ]ﬂJJ ) \ (7.6)
o lim— 2= Note: not allowed
© e XT—x—12 0/0

O In the denominator
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LIMITS OF TRIGONOMETRIC FUNCTION

If a is any number in the domain of corresponding trigonometric
functions

1. lim, ., sin(x) = sin(a).
. lim, ., cos(x) = cos(a).
. lim, ., tan(z) = tan(a).

2
3
4, lim, ., csc(x) = csc(a).
5. lim, ., sec(xz) = sec(a).
6

. lim, ., cot(x) = cot(a).
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LIMITS OF TRIGONOMETRIC FUNCTION

SPECIAL LIMITS

hl[1 Y lfﬂ'] ] — COS X —0
= 1, x—0 X

hm
x—=l) X
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LIMITS OF TRIGONOMETRIC FUNCTION
Sqgueeze Theorem.

Suppose we have an inequality of functions

g(x) < f(z) < h(x)

in an interval around c. Then 1il}'.'“f|i-i"} < 1-@'";,!-{_;,,} < |I_illll_.|r!|:.i"}

provided those limits exist.

When the limits on the upper bound and lower bound are
the same, then the function in the middle is “squeezed” into
having the same limit.
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LIMITS OF TRIGONOMETRIC FUNCTION

Sgueeze Theorem.
Suppose we have an inequality of functions  g(x) < f(x) < h(x)

In a interval around ¢ and that lim g() = L = lim h(z).

Then lim f(z) = L.

£ =0
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Example sin(r)

lim = 1.

E—+i] T

To do this, we’ll use the Squeeze theorem by establishing upper

and lower bounds on sin(x)/x in an interval around O.

Specifically, we'll show that .
pecifically, w W h]li(.!')

cos( ) €

<l
I

In an interval around O.



y = cos(x)
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Figure 1.7.1: The unit circle and related triangles.
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Fiqure 1,19 shows tree regions heve been construced in th firs quadrant, two triangles and a sectr of a circle, which are also dran below, The rea of
the arge tiangle i %tanﬂ; the area ofthe secfor i 2, the arca o the tiangl contained nsde the sector i %sin 0.1t then clar from the diagra thet

Multiply all terms by 2, giving

1 = 0 =1
cos@ — sinf —

Taking reciprocals reverses the inequalities, giving

sinf
-

5 <L

cosf <
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Now take limits.
sin #

limcos # < lim < lim 1
10 a0 @ 80

sin @ <1

cos0 < lim
g0 @

sin @

<1

L < lim—

Clearly this means that lim 2% — 1
g—10



. sincT
litn =1
z—x0 I

Motice that £ = 0 is not in the domain of this function. Nevertheless, we can look at the limit

as x approaches 0. From the graph we find that the limit is 1 (there is an open circle atz =0
indicating 0 is not in the domain).
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1—cos @
&

Evaluate limg .

1—cos# 1—cos @ _ 1+cos @

]_llﬂg_}n i - ]_llﬂg_}n i 1+cos 8

1—cos*@
(1+cos &)

s .
gin“f
14-cos 8)

_ 1 sin & sin &
—]lI]lg_,,n a 14+cos @

Therefore,

. 1—cos #
]_'L'I]]g_,,q] 3 — 0.
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Other examples

. tanx
b) lim
. x>0 X
i sin(4x) 0 roe |
a) limy—o — 0 P sin(x)
sin(4x) _ 4 o COS X
X 4 X
_ Since these . Sinx
— 4 m sin(4x) form is —
4x ] X COSX
=4 m1 _ Sinx 1
- |
X COSX
. sin(4x) _ 1
lim,_, =4 —
0 X 1 = COSX
1 1
= lim,_,- — -1
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) him secx — | from reciprocal identities
" x * sec X = 1/cos X
L

] SeCx — 1 _ l COS5X |

=D X =D X
_ lp 1 - 05X Special
- M T cosx imit
—lim [ —L— | . [ l—cosx
A X
1 1 | | 1—cosx
- J'ﬂ COSX ,hﬂ x
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x*-1) _ sin(2x)
X—0 Y e) limy—g in(5x)




Assignment/Activity 2

COSX

1. lim n(<
) 7. .. SINIKS X
r—0 x+1 |Imx__,.g L
X
2. lm E&coséH o ¥,
6712 , cos~(6)
8. lim =
ey §—x/21 — sin(0)
3. lim -
r—=0l+simnrs
3xtan x 9. lim(sin®x + cos? x) — cosx }l
4. lim—— x—0 X
=0 sy
10. ;}L% 3 tan x
. [
. S X
5. lm
=0 2x
. sin3
6. lLm w36

6-0 26



table

TABLE 1.4 Values of sin 6, cos @, and tan 6 for selected values of 6
Degrees -180 =135 =90 -—-45 0 30 45 60 90 120 135 150 180 270 360
. -Ir - -7 T T T T 27 T S In
f (radians) -7 1 ; 1 0 6 1 3 ; 3 1 6 T 27
o o TV2o o -Vaooo1 Va2 V3 V3 Va1
o 2 2 2 2 72 2 2 2
- fm A - .
_ -V2 V2 Vi V2 | 1 -V2 -V3
cos —1 > 0 3 ] 3 3 ; 0 7 ) 5 -1 0 1
/2 _ A /7
tan 6 0 1 -1 0 \;3 I V3 -V3 - ?3 0 0
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