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LIMITS OF A FUNCTION

 



OBJECTIVES
◆ Discuss the limits of functions

◆ Differentiate left and right limits

◆ Discus theorem on limits



LIMITS
DEFINITION:  LIMITS

• The most basic use of limits is to describe 

how a function behaves as the independent 

variable  approaches a given value.

• For example let us examine the behavior of 

the function                                                                                     

𝑓 𝑥 =  𝑥2- x +1 for x-values closer and 

closer to 2.



LIMITS

x 1.9 1.95 1.99 1.995 1.999 2 2.001 2.005 2.01 2.05 2.1

F(x) 2.71 2.852 2.97 2.985 2.997 3.003 3.015 3.031 3.152 3.31

left side right side



LIMITS

We describe this by saying that the “limit 

of   f 𝑥 =  𝑥2- x +1   is 3 as x approaches 

2 from either side,” 

Thus;

we write 

( ) 31xxlim 2

2x
=+−

→



LIMITS
Limit of a Function

• If f is a function, then we say:

     A is the limit of f (x) as x approaches a

if the value of f (x) gets arbitrarily close to A as x 

approaches a. This is written in mathematical notation 

as:
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Right and Left Limits

• By lim f (x) = A we mean that, f is defined in some

     open interval (c, a) and f (x) approaches A

    as x approaches a through values less than a, that    

    is, as x approaches a from the left

• Similarly, lim f(x) = A   

               x→a + 

means that, f is defined in some open interval (a, d ) 

and f (x) approaches A as x approaches a from the 

right.



LIMITS

• If f is defined in an interval to the left of a and in an 

interval to the right of a, then the statement

is  equivalent to the conjunction of the two statements

• When a function is defined only on one side of a 

point a, then we shall identify

with the one-sided limit, if it exists.



LIMITS
If f is a real valued function, then x can approach a from two 

sides: the left side of a and the right side of a. This is illustrated 

with the help of the diagram below.

Left Hand Limit

If x approaches a from the left side, i.e. from the values less than a, the 

function is said to have a left hand limit. If A is the left hand limit of f as x 

approaches a, we write it as

Right Hand Limit

If x approaches a from the right side, i.e. from the values greater than a, the 

function is said to have a right hand limit. If A is the right hand limit of f as x 

approaches a, we write it as



LIMITS

For the existence of the limit of a real valued function at a 

certain point, it is essential that both its left hand and right hand 

limits exist and have the same value.

In other words, if the left and right hand limits exist and

then f is said to have a limit at x=a.

On the other hand if both the left and right hand limits exist but

then the limit of f does not exist at x=a.



LIMITS
Example:

if 𝑓 𝑥 = 𝑥

then f is defined only to the right of 0. Hence, since

This is an example where the existence of the limit from one side does not 

entail the existence of the limit  from the other side.
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EXAMPLE 7.3: The function

has the interval

If a is any number on the interval (−3, 3), then

Now consider a = 3. Let x approach 3 from the left; then
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Theorems on Limits
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Examples:

1. lim
𝑥→𝑎

4= 4 , lim
𝑥→𝑎

3.14= ?                                          (7.1)

2. lim
𝑥→2

5𝑥 =                                                                   (7.2)

3. lim
𝑥→2

( 2𝑥 + 3) =                                                        (7.3)                                        

lim
𝑥→2

( 𝑥2 − 4x + 1)=

4. lim
𝑥→1/2

(4x)(3x) =                                                        (7.4) 
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5. 

6. 

(7.5) 

(7.6) 

7. 
Note: not allowed

0/0 

0 in the denominator
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LIMITS OF TRANSCENDENTAL FUNCTIONS

LIMITS OF TRIGONOMETRIC FUNCTION

If a is any number in the domain of corresponding trigonometric 
functions



LIMITS OF TRANSCENDENTAL FUNCTIONS

LIMITS OF TRIGONOMETRIC FUNCTION

SPECIAL LIMITS



LIMITS OF TRANSCENDENTAL FUNCTIONS

LIMITS OF TRIGONOMETRIC FUNCTION

Squeeze Theorem.

Suppose we have an inequality of functions

in an interval around c. Then

provided those limits exist.

When the limits on the upper bound and lower bound are 

the same, then the function in the middle is “squeezed” into 

having the same limit.



LIMITS OF TRANSCENDENTAL FUNCTIONS

LIMITS OF TRIGONOMETRIC FUNCTION

Squeeze Theorem.

Suppose we have an inequality of functions

in a interval around c and that

Then



LIMITS OF TRANSCENDENTAL FUNCTIONS

Example

To do this, we’ll use the Squeeze theorem by establishing upper 

and lower bounds on sin(x)/x in an interval around 0. 

Specifically, we’ll show that

in an interval around 0.
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Similarly, If we take a look at the graph of sin x/x



LIMITS OF TRANSCENDENTAL FUNCTIONS

Therefore,



LIMITS OF TRANSCENDENTAL FUNCTIONS

Other examples

=
 sin(4𝑥)

𝑥
 ∎

= 4 ∎
 sin(4𝑥)

4𝑥
 

4

4

= 4 ∎ 1

= 𝟒

Since these 

form is 
 sin(𝑥)

𝑥
 = 1

b) lim
𝑥→0

tan 𝑥

𝑥
 

 sin(𝑥)
cos 𝑥

𝑥

=

=
𝑠𝑖𝑛𝑥

𝑥 𝑐𝑜𝑠𝑥

= 𝑠𝑖𝑛𝑥

𝑥 
∎

1

𝑐𝑜𝑠𝑥

= 1 ∎
1

𝑐𝑜𝑠𝑥

1

𝑐𝑜𝑠𝑥
=

1

cos(0)
= = 1



LIMITS OF TRANSCENDENTAL FUNCTIONS

c) from reciprocal identities

sec x = 1/cos x

Special 
limit 



LIMITS OF TRANSCENDENTAL FUNCTIONS

d) 
e) 

lim
𝑥→0

 𝑠𝑖𝑛(
𝑥2−1

𝑥−1
)





table
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